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In the endeavours to elucidate the nature of enzyme catalysis a study of reaction 
kinetics has been of major importance. Most a t tempts  to analyse the kinetics of 
enzyme action have been based on the postulate of an intermediate complex formed 
between enzyme and substrate. This theory was formulated in 1913 by MICHAELIS 
AND MENTEN 1, as the reaction scheme 

E + S  ~kkl 2) ES k a ~  E + Q (I) 

The published investigations of the kinetics of enzyme catalysis have been either 
studies of the overall reaction or demonstrations of the formation and breakdown 
of the intermediate complex. The latter experiments, involving the observation of 
the intermediate complex, necessitate the use of high enzyme concentrations and 
therefore of special techniques for the measurement of rapid reactions. Under such 
conditions the overall kinetics show transient phases during the reaction which are 
not observed at lower enzyme concentrations e, and these phases have been correlated 
with changes in the concentration of the enzyme-substrate complex. However, the 
interpretation of the experimental data is hindered by the absence of an analytical 
solution of the differential equation obtained on the application of the law of mass 
action to the postulated reaction scheme. The evaluation of the rate constants of the 
individual reaction steps requires either the use of an electronic computer 3, or the 
making of certain assumptions in the formation of soluble but approximate differential 
equations. The manner in which these approximate equations deviate from the 
complete equation should be recognised. 

The present paper a t tempts  to formulate the solutions of approximate equations 
in such a manner that  further details can be obtained about the individual reaction 
steps. The validity of the approximate equations is established by comparison with 
numerical solutions of the complete differential equation. A preliminary communica- 
tion of this work has already been published ~. During the development of the present 
investigation ROUGHTON 5 and GUTFREUND 6 have considered the initial stages of the 
enzymic reaction when the concentration of the intermediate complex is increasing. 
The approximate "pre-steady state" equation thus obtained has been experimentally 
applied to the determination of k 1. Further approximate differential equations have 
been presented by LAIDLER 7 and MORALES AND GOLDMAN 8. 

* Present address: Low Temperature Research Station, Cambridge, England. 

Re/erenees p. 80. 



VOL. 2 3  (1957) KINETICS OF ENZYME ACTION 71  

THE COMPLETE RATE EQUATION 

The reaction scheme of MICHAELIS AND MENTEN 1 is completely described by two 
independent rate equations. The rate of formation of product is given by 

d[Q]  
dt k 3 [ES] (2) 

whilst that of the intermediate complex is 

d [ES] 
k t [ E ]  I S ] - -  (k 2 + k3) [ES] (3) 

dt  

The disappearance of substrate is simply the algebraic sum of these two equations. 

T A B L E  I 

THE IDENTITIES FOR CONCENTRATION USED IN THE VARIOUS MATHEMATICAL TREATMENTS 

Mathematical treatment 
Reactant 

E S ES Q 

F u l l  e q u a t i o n  e - - p  a - - x - - p  p x 
" S t e a d y  s t a t e "  a p p r o x i m a t i o n  o~ e - -  p a - -  x p x 

BRIGGS AND HALDANE 
" P r e - s t e a d y  s t a t e "  a p p r o x ,  a t  low e -  p a p x 

e n z y m e  c o n c e n t r a t i o n  
" P r e - s t e a d y  s t a t e "  a p p r o x ,  a t  h i g h  e -  p a -  p p x 

e n z y m e  c o n c e n t r a t i o n  

Table I summarises the symbols for concentration that are substituted into equa- 
tions (2) and (3) in the various mathematical treatments. When the full identities 
are employed and ES is eliminated between equation (2) and (3), then the overall 
equation relating product concentration and time is obtained. 

d2x 
dr-- ~ + k l ( K  m + e + a - - x )  dx  k l  ( d x ~  2 -  k l k 3 e ( a - - x )  = 0 (4) 

dt  k a k dt  } 

This nonlinear differential equation of the second order has not been solved in terms 
of an explicit relation between x and t. However, it may be simplified by the introduc- 
tion of new units of time and concentration. 

The Michaelis constant I4m(= k~ + k3_~ is defined as the unit of concentration 
k k l  / 

that is to be used when considering an enzymic reaction. STRAUSS AND GOLDSTEIN 9 

in their generalised treatment of enzyme inhibition term this the "specific concentra- 
tion". The subscript "s" will be used in the present paper to denote these units. Thus 
es = e/Km, as = a/Km, etc. 

A common time scale is obtained by using the reciprocal of the rate constant 
k 3 as the unit of time for each enzymic reaction. In this way the term k3 t becomes 
dimensionless. 

The introduction of a new rate parameter "r" as defined by equation (5) allows 
the other rate constants to be eliminated from mathematical expressions in the above 
units. 

k l K  m = k~ + k 3 = rk 3 (5) 
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The re la t ive  magni tudes  of k 2 and k a are ind ica ted  b y  the value of r. This p a r a m e t e r  
has a lower l imit  of un i ty  when leo ~ / e  a, bu t  tends  to infini ty when k 2 3> ka. 

Equa t ion  (4) can now be wr i t t en  in te rms of these new uni ts  with only the  para -  
meter  "r"  enter ing  into the  expression.  

(1 ( ~ a t )  2d2Xs ! -d~tatdxs \ d k J  dx-s-~2 - } +, '~(~ , c , + , ~  *,) - -  es(a,--x,)  = o  (6) 

Equa t ion  (6) becomes of the  first order  when wr i t t en  in t e rms  of the concentra t ion  
of the  in t e rmed ia te  complex.  

dps 
P~" ~t~, + " {(' * ~' + ~' --- *')f" - -  p? ~ , ( ~ , -  x,)} = o (r) 

Al though equat ion (7) has no ana ly t ic  solut ion re la t ing p~ with  x~, the  methods  
of numer ica l  in tegra t ion  can be employed  to ob ta in  a solut ion for any  given set of 
values of r, e~ and as. Al te rna t ive ly  the  reversion me thod  of YANG 1° m a y  be used 
to calcula te  a pa r t i cu la r  solution. The var ia t ion  in the  kinetics be tween different 
enzymes  can then be discussed in te rms of the  effect of r on the  numerica l  solution. 

The  procedure  t ha t  I used for ca lcula t ing numer ica l  solut ions commenced with 
the  f i t t ing of a power  series 

Ps = blX:? .... b2x s + bzxs 2 - -  bax ~ + . . .  (S) 

to equa t ion  (7), b y  which means  the  coefficients were defined as: 
1 

bl = (2resas) 2 (0) 

3b 2 = 2r(~ + es + as) 

2bib 3 = r {b~ + (I + es + as) b 2 es} - -  b~ 

5bib4 = 2 g { 2 b l b  2 - -  (1 @ e s 2_ a s  } b3 b l  } 5b2b  3 

etc. etc. 

The subs t i tu t ion  of a pa r t i cu la r  set of values of r, es and a~ into equat ion (9) defines 
the  numer ica l  magn i tudes  of the  coefficients h i ,  b2, ha, etc. Table  I I  gives the va lues  
t ha t  were thus  ob ta ined  for three  solutions.  

T A B L E  I I  

D A T A  OF T H E  T H R E E  N U M E R I C A L  S O L U T I O N S  S H O W N  IN F I G S .  4 A N D  5 

a S I 1 2 

e s l I I 
f 1 2 I 

b 1 1.41421 2.00000 2.00000 
b~ 2.00000 4.00000 2.66667 
b 3 1.o6o66 3.50000 1.63889 
b 4 0.60000 2.80000 0.85926 
b~ 0.35650 2.8o417 0.58901 
b 6 0.24762 2.13810 0.35268 
b~ 0.08180 1.22676 o.14924 

p~aX, o.31 o 0.334 o.51' 6 

xmaX. 
s 0.24 o . t6  0.42 

Re/erences  p. 5'o. 



VOL. 23 (1957) KINETICS OF ENZYME ACTION" 73 

At the beginning of the reaction when xs is small, values of Ps were calculated 
to the required degree of accuracy by taking sufficient terms of the power series. 
Further values of ps, as xs was increased by a constant increment, were calculated 
from the initial values of p~ by a numerical method. MILNE'S method of forward and 
successive integration n was used to calculate the results shown in Figs. 4 and 5. 
An increment in xs of o.oi was employed for the calculation of the rapid initial 
change in p,~, whilst a larger increment of o.02 was used during the remainder of the 
reaction. The initial values of p~ were calculated from equation (8) to five significant 
figures; thus allowing the numerical integration to be carried out to an accuracy 
in p,~ of o.ooi. 

The numerical method of obtaining a solution of equation (7) is not suited to 
the direct evaluation of the individual rate constants from experimental data. For 
this purpose solutions of approximate equations are more useful. The numerical 
solutions however, are required when considering the range of validity of the approx- 
imate equations. 

A P P R O X I M A T E  E Q U A T I O N S  AT L O W  E N Z Y M E  C O N C E N T R A T I O N  

At low concentrations of enzyme certain assumptions may be made to simplify 
equation (4). In their classical t reatment  BRIGGS .AND HALDANE TM suppose that  the 
total concentration of enzyme, and hence of ES, is negligibly small when compared 
with Q and S. Furthermore since ES is small compared with Q and S its rate of change 
must, except during the first instant of the reaction, be negligible when compared 
with that  of Q and S. 

Using the appropriate identities from Table I to substitute into equations (2) 
and (3), a simpler overall equation is obtained. 

d~x d x  _ _  k l k : ( a  _ _  x) = o ( to )  
-d5 ~ + kl(,'Cm + a - -  x ) ~ -  

The second restriction that  d p / d x  and therefore d 2 x / d :  may be neglected in equation 
(lO) 13, reduces it to the familiar expression for the velocity of an enzymic reaction. 

_ _  = k,~e(a - -  x) dx k3P (i i) 
dl  K m + ( a -  x) 

This second assumption is valid over the whole of the reaction except for the initial 
rapid formation of the intermediate complex. During the remainder of the reaction 
the concentration of substrate falls but  before it becomes comparable with ES the 
reaction is virtually complete. The "steady s tate"  approximation is often formally 
written as dp/d t  -~ o. This implies that  the concentration of the intermediate complex 
is constant throughout the reaction. In fact equation (xI) describes its variation 
with substrate concentration and hence its decrease during the course of the reaction ! 

The "steady s tate"  t reatment  evaluates only the two reaction parameters 
contained in equation (11) ; the maximal velocity k : ,  and the Michaelis constant K,,. 
The reaction must be studied in other kinetic regions to obtain values for the remaining 
parameters.  

The kinetics of the initial rapid formation of the enzyme-substrate complex 
may  be used to evaluate kv The assumption is made in deriving the following equa- 
tions that  little of the substrate has been consumed during this "pre-steady s tate"  

R e / e r e n c e s  p .  8o.  
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of the reaction (i.e. S ,5> ES + Q). The identities for concentrat ion tha t  are subs t i tu ted  
into equations (2) and (3) under this assumpt ion are given in Table  I. The  overall  
rate  equat ion so obtained is a linear differential equat ion with constant  coefficients. 

d'-'x dx 
dt ~ -  + k l ( K  m + a) ~ l /  --- klkaea = o (t2) 

The solution of equat ion (i2) is 

expE--k 1 (Km + a)t] i 1 kaea J t + (13) 
x l,~m 2_ a ~ k 1 (Km + a) [ ' 

whilst the concentrat ion of ES is given by  

ea { 1 - - e X l ) [ - - ~ l ( ] ~  ~ J- a)~]} (14) P K m + a  

The exponent ia l  increase of ES to the initial value given by  the " s t eady  s ta te"  
t r ea tmen t  is reflected as a lag in the rate  of the format ion of product .  The  rate  of 
disappearance of subst ra te  however,  being the 
sum of ES and Q, shows a lead phase. Fig. 1 /~ . ~ ' ~ . , ~  '° ~ 
il lustrates these initial changes in the concen- 

/~, ob~&.~ b~ 
t ra t ions of subst ra te  and product .  The curves ~ j ,  
were calculated from equations (13) and (14) ~ J 
under  the arbi tar i ly  chosen condition tha t  [ / ~" 

v / 

ka 

The units along the t ime and concentrat ion 
axes of Fig. I are proport ional  to k a and e / ~ _  , , 
respectively.  - -  '~ -.. '~ ~ ~---~ t~m~ 

Tsubstrote Tproduct 
Equat ion  (13) is not  directly amenable  to 

the evaluat ion of k~ from exper imenta l  data.  
ROUGHTON 5 t h e r e f o r e  f u r t h e r  s i m p l i f i e d  t h e  Fig. i.  Pre-s teady s ta te  kinetics.  

expression to 
x = klkaeat2/~, (I5) 

for the initial pa r t  of the lag phase when t ~ / k ~ ( K m  + a). Now on differentiation, 
equat ion (15) gives 

d x = kleat : { 2klea_~½x½ (16) 
dkat \ k3 / 

which on conversion to specific units becomes recognisable as the first t e rm of the 
power series given as equations (8) and (9)- 

dxs 
Ps = (2resas)½Xs ½ (17) 

dk~t 

Thus the use of equat ion (15) to determine k 1 is limited, b y  the numerical  values of 
the coefficients b~, b e, ba, etc., to exper imenta l  observat ions at  such small product  
concentrat ions tha t  the te rms in higher powers of Xs m a y  be neglected. However ,  
measurements  a t  the initial pa r t  of the lag phase are unlikely to be accurate  because 
of the l imitat ions of chemical pur i ty  and exper imenta l  technique. 

A more useful graphical  method  for evaluat ing kx utilises exper imenta l  da ta  

Re/erences p. 8o. 
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obtained at t>~ Ilk 1 (Km + a). This is the reverse of the condition used in deriving 
equation (15). The exponential term of equation (13) vanishes to leave an expression 
for a straight line, which on extrapolation makes an intercept (Tp~oduct) with the 
time axis, 

where i 
1"product h l ( K  m + a) (18) 

This method of calculating k 1 from an experimentally determined intercept has 
been successfully employed by GUTFREUND 6. 

If the experimental technique used determines the change in substrate con- 
centration instead of the formation of the product, then, as illustrated in Fig. I, a 
negative intercept is obtained. This is given by 

I k 1 (19) 
k I "t'substrate K m + a k s 

The experimental determination of this intercept at various substrate concentrations 
allows both k 1 and ka to be independently obtained using equation (19). 

Although the concentration of enzyme does not enter directly into equations 
(18) and (I9), it is evident from Fig. I that  it must be sufficiently great for ES and Q 
to be of comparable magnitude. For greater enzyme concentrations the assumption 
that S >~ ES + Q, made in deriving equation (I2), may no longer be valid for the 
initial stages of the reaction even when S >~ Q. In this case the "we-steady state" 
equations derived in the following section must be employed. 

A P P R O X I M A T E  E Q U A T I O N S  AT H I G H  E N Z Y M E  C O N C E N T R A T I O N  

When the concentrations of enzyme, substrate and product are comparable, the 
assumption of the previous section that the concentration of intermediate complex 
is small is no longer valid. Nevertheless modified "steady state" and "pre-steady 
state" approximations can be used to obtain soluble differential equations in which 
no restriction is placed on the magnitude of the intermediate complex. 

For the "we-steady state", the assumption is made that only a few % of the 
substrate has been converted to product (i.e. S >~ Q). This gives the differential 
equation. 

d2x k 1 ( d x ~ 2  
dt 2 + k l ( t f  m + e + a) d x  - -  dl ka \ - ~ ]  - -  k l k3ea  = 0 (20) 

The "steady state" approximation is defined by the condition that the first term 
of equation (4) be neglected in comparison with the magnitude of the other terms. The 
following quadratic in the reaction velocity is then obtained. 

d x  + k 2 a e ( a _ _ x  ) = o ( i l )  ( d x ~  k3(K m + e + a - - x )  
\ dr/ 

The validity of equations (20) and (2I) will be considered in the discussion. At present 
only the solutions are given. These may be simplified by the introduction of two 
further symbols. 

0 = [ (Km + e + a - -  x) ~ - -  4e(a - -  x)] ½ (22) 

q ) =  K m  + e  + a - x  + 0  (23) 
2 

Re/erences  p.  8o. 
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Both these quantities have the units of concentrat ion and may  be converted to 
specific units through division by  I~,,. Since these functions depend on the concentra- 
tion of the product,  they change during the reaction from their initial values of 
0 ° and @° when x = o. 

The "s teady state"  reaction velocity derived from equation (21) can now be 
writ ten as 

d x  k a e ( a - -  x ) 
- ( 2 4 )  dt qo 

By measuring the rate of product  formation (dx/dt) in the "s teady state"  region 
of the reaction, q~ can be experimentally determined from equation (24). For this 
calculation kae is obtained from the value of the maximal  velocity (kae) at low enzyme 
concentrat ion by  mult iplying by  the ratio of the enzyme concentrat ion at which 
is being determined to tha t  at which the maximal  velocity was originally measured. 
The magni tude  of q~ varies between (Kin + e + a -  x) and one half of this value. 
I t  approaches the former value both  at high and at low enzyme concentrations. When 
either K,,, >~ e or (a - -  x) ~ e, then ~ = (K,,  + a - -  x) and the reaction velocity 
reduces to equation (i i) .  

By  rearranging equation (23), an expression is obtained which m a y  be used to 
calculate the molar concentrat ion of enzyme from an experimentally determined 
value of q~. Thus 

cl~ ( cl~ - -  K i n - -  a + x) 
e = (25) 

q ' , - -a  a-x  

The percentage error in this calculated value of the enzyme concentrat ion is given 
in equation (26) as a function of the experimental  error in ~. 

,Se @ (@ --- a + x) - (a x) ((P - -  IG,~ - -  a + .) 6@ 
_ _  o ;  . . . . .  ( 2 6 )  

e ( ~ - - l ; m - - - a  +x)(q~-. a +x)  # .'o 

The variat ion of this error function with enzyme concentrat ion is plotted in Fig. 2 

sol I 
O 

2C O ~, 

I 

0 = 

i i i L__  ~ , i I , i , 
0 . 1  1 ] 0  100  

es  

I : ig .  2. E r r o r  t u n c t i o n  in  t h e  c a l c u l a t i o n  o f  
t h e  m o l a r  e n z y m e  c o n c e n t r a t i o n .  

for several values of ( a s - - x ~ ) .  Reasonable 
accuracy in the calculation of the molar 
concentrat ion of enzyme is obtained only 
above a certain range of enzyme concen- 
tration. 

The preceding equations have been 
based on the measurement  of the product  
concentrat ion x. If  the analytical  method 
determines instead the change in substrate 
concentration, expressions in terms of (x + p) 
must  be used.The "s teady state" assumption 
tha t  d2x/dt ~ and therefore dp/dt  is negligibly 
small, reduces the complete equation to 

d ( x  + p) kae(a - x - - - p )  
- ( e 7 )  

d! /x~m + a - -  x - -  p 

This can only be used to derive values of hae and Km by  the tradit ional  methods. 
The equations of the "pre-s teady state",  being based on the assumption that  

Re/ere~ces p. No. 
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a >~ x contain only the initial values 0 ° and q~o. Thus on integrating equation (20) 
the following expression is obtained for the reaction velocity: 

d_~x = ks p = h a e a ~ ° [ I - - e x p ( - - k  10 °t)] (28) 
dt (q~o)2 ae e x p ( - -  klO°t) 

On integrating equation (28), the relation between product concentration and time 
is obtained. 

k3ea ~ °  (~ ° )~  - -  ea exp ( - -  klO°t) 
x =  ~ % - - { t - -  k - ~ l n  Oo~b o } (29) 

This equation is analogous to that  derived for low enzyme concentrations. An intercept 
on the time axis of 

~ °  ( r I ) ° )  2 - -  ea 
"t'product = ~ In 0 o q~o (3 °) 

is obtained on extrapolation of the experimental data  subsequent to the lag phase 
(i.e. for which t >~ I/kl0° ). Equation (3 o) may  ~ e  

be simplified to cgg~o. 5 
I 

Tproduct k 1 q9 ° 0.4 

when the function ae/(q~°) 2, shown in Fig. 3, o.a 
is less than o.I. Using equation (3o), k 1 may  
be calculated if e as well as  K m and a are 02 
known and rp~oduot has been experimentally o., 
determined. However the extrapolation of the 
experimental data is unlikely to be linear at o; 
these high enzyme concentrations. Hence the 
best procedure is to fit a quadratic, t = A + 
Bx + Cx 2, to the experimental data subse- 
quent to the lag phase. The coefficient of x is 

Fig. 3. Variat ion of the function - -  

= 

, , , i  I , , i , , , i  i 

1 10 100 e$ 

a8  
(~o)2. 

known and is given by  the expression B = q~°/k3ea.The required intercept, rproduct, 
is the constant term A. 

The experimental measurement of the concentration of substrate rather than 
that  of the product, requires the above equations to be reformulated in terms of 
(x + p). This leads to an intercept obtained by  extrapolation of the data on the change 
in substrate concentration, which is given by  

~o (~o)2 e a  I 

" r s u b s t r a t e  = ~ in 0 o q~o k3 (3I) 

This again is an analogous expression to that  derived for low enzyme concentrations. 

DISCUSSION 

In order to ascertain the extent to which the equations given in the previous section 
deviate from the complete equation, several numerical solutions of equation (7) 
have been calculated. These are shown in Figs. 4 and 5 together with the solutions 
of the "pre-steady state" and "steady state" equations at high enzyme concentration 
(equations (2o) and (2 I) respectively). The progress of the enzymic reaction is recorded 
as the change in the specific concentration of the intermediate complex p, accom- 

References  p .  8o. 
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pany ing  the format ion  of p roduc t  x~. Expressed  in this  manner ,  the  kinet ic  form of 
the  complete  solution depends  only on the  ra te  pa r ame te r  " r "  for given ini t ia l  
concentra t ions  of enzyme and subst ra te .  The " s t e a d y  s t a te"  solution, however,  is 
independen t  of r, being given b y  

dXs e~(as - -  xs) 
[~s dk3t -- CI)s (32} 

Fig.  4 shows the ex ten t  of the  devia t ion  be tween the " s t e a d y  s t a te"  app rox ima t ion  

Ps ~r=2 

o. I '~ ~ s ~  03 

0 0.2 0 .4  0 .6  0 .8  1 
x~  

Fig. 4- Solutions of the rate equations 
f o r  as = i ,  g s  = I .  

and the numer ica l  solut ion for the  l imit ing con- 
di t ion t ha t  r = I(i.e. k2~ka ) .  When  r is ve ry  
large (i.e. h 2 ~ ka), the  ini t ia l  rise of Ps occurs 
before an apprec iable  concent ra t ion  of p roduc t  
is formed. Thereaf te r  the  kinetics follow closely 
the  " s t e a d y  s t a t e"  approx imat ion ,  which itself 
becomes ident ica l  wi th  the  equi l ibr ium t rea t -  
men t  14. An in te rmedia te  solution, where r = 2 
(i.e. h 2 - -  ka), is also i l lus t ra ted  in Fig. 4. 

Each numer ica l  solution has a m a x i m u m  in 
the  concent ra t ion  of the  in te rmedia te  complex  
p ~ ,  which occurs a t  a pa r t i cu la r  p roduc t  con- 
cen t ra t ion  x s ..... . The values of p ~  and G~"" are 
given in Table  I I  together  wi th  other  d a t a  for the 

numer ica l  calculations.  The  magn i tude  of xT ~X is dependent  on r, becoming smaller  
as r increases. The  exper imenta l  observa t ions  of x~ ax could therefore be used as an 
indica t ion  of the  re la t ive  magn i tudes  of k 2 and k~. 

~ pve- steady state 

o o'4 o'.o d8 ,'o ,'2 i I 

1.,, 1.6 1.8 Xs 2 

Fig. 5. Solutions of the rate equations for as = 2, es = I and r ~ I. 

Fig.  5 i l lus t ra tes  solut ions ob ta ined  at  twice the  subs t ra te  concent ra t ion  used in 
Fig. 4. The numer ica l  solut ion ca lcu la ted  for r = I a t  as ~ 2 is independen t  of 
t ha t  der ived for as = I. However ,  the  " s t e a d y  s t a t e"  app rox ima t ion  is s imply  a 
backward  ex t rapo la t ion  of the  curve given in the  previous  figure. The "p re - s t eady  

Re/erences p. 8o. 
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state" solution whi,h is also indicated in Fig. 5, is calculated from equation (33) 
relating Xs and p~. 

In t p~ - -  (~ + es + as) Ps + esas I I + esas q 5° ( a s e s -  c/)%ps) 
esas ] OO In s (33) 2YX s 

t 

This equation is obtained on integrating equation (7) after applying the "pre-steady 
state" approximation that  a, >~ Xs. 

The figures under discussion illustrate that  the "s teady state" approximation 
is the locus of ps ~*  as r is varied. At the beginning of an enzymic reaction the 
values of Ps are well below those predicted by the "steady s tate"  approximation but 
agree with the "pre-steady state" equation. At values of Xs > x~ "~*, the magnitude 
of Ps exceeds that  of the "s teady state" t reatment  but  does not deviate greatly from it. 

CHANCE 2 in considering the kinetics of the enzyme-substrate complex, makes a 
sharp distinction between the "s teady s tate"  and a "post-steady state" region of the 
reaction. Figs. 4 and 5 show that  the deviation between the "steady s tate"  approx- 
imation and the numerical solutions is not confined to any final region of the reaction. 
The above data also renders invalid LAIOLER'S suggestion 7 that  the general solution 
deviates considerably from the "s teady s tate"  curve in the region of p ' ~ * ,  but 
corresponds at  the end of the reaction. 

Some measure of the observed deviation 
obtained on comparing the limiting slope ~2.c 

\ d x s / x s  = as ~_ 1.E 
*2_ 

of the complete equation with that  of the 
"s teady s tate"  approximation. By substitu- o ° 

"9 
tion of ,~ ~.~ 

_ _ ( d p , ~  : L i m i t  ( Ps ) 
\ d x s /Xs  = as Xs --> as ~ 1.2 

i 
into equation (7), the limiting slope of the 1.o1 
complete equation is derived as 

r ( I  + g$) - -  ~9"2(I - -  g8) 2 - -  4res~ ½ _(dps  = 
\ dx s /Xs  = as 2 

(34) 

at the end of the reaction may  be 

0.1 I 10 e S 

Fig. 6. Dependence of the ratio of limiting 
slopes on es. 

The limiting slope of the "s teady s tate"  approximation however, is given by 

_ _ ( d p s ~  es (35)  

\ d x s / X s = a s  ~ + es 

The ratio of these limiting slopes, obtained by  division of equation (34) by equation 
(35), is plotted against the enzyme concentration in Fig. 6. 

As already suggested the maximum deviation is observed when r = I. The ratio 
of limiting slopes also shows a marked dependence on the enzyme concentration, 
being greatest when es = I. This concentration was therefore chosen for the calcula- 
tion of the numerical solutions in order that  the maximum extent of the deviation 
might be indicated. When es > I or es ~ I, the "s teady state" approximation holds 
true at the end of the reaction. The extent of the deviation during the course of the 

Re/erences p.  8o. 
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reaction is not given by the limiting slopes but could be obtained by the use of an 
electronic computer. 
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S U M M A R Y  

The  differential  equa t ion  descr ib ing t he  Michael i s -Menten  s cheme  is modif ied by  a change  of 
t i m e  and  concen t r a t ion  un i t s  so as to con ta in  on ly  one ra te  pa rame te r .  I n  th i s  fo rm it is solved 
numer ica l ly .  Solut ions  are  ob ta ined  by  the  " s t e a d y  s t a t e "  and  " p r e - s t e a d y  s t a t e "  app rox ima t ions  
and  are c o m p a r e d  wi th  t h e  numer i ca l  solut ions.  Methods  are sugges ted  for t he  der iva t ion  of 
ind iv idua l  r a t e  c o n s t a n t s  and  t he  mola r  concen t r a t ion  of e n z y m e  f rom kinetic e x p e r i m e n t s  on 
the  overal l  react ion.  
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T H E  O U T P U T  OF *sCa F R O M  F R O G  MUSCLE 

E. J .  H A R R I S  

Biophysics Department, University College, London (England 

I t  is well known that  calcium exists in biological materials in both ionic and bound 
states. I t  was thought tha t  the application of the calcium isotope 4sCa might reveal 
to what extent the element is bound in frog muscle and what factors affect its sub- 
sequent liberation. Earlier work (TAUBMANN1; B E RWICK ~) has shown that  little muscle 
Ca is removed by  perfusion with Ca-free solution, or even by grinding in KC1 solution. 
I t  therefore seemed likely that  only a small proportion of the total  Ca would be ex- 
changeable, as proves to be the case. Recently GILBERT AND FENN 3 using 4SCa have 
reached similar conclusions. 
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